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Abstract
The energy distribution in the Kerr-Newman space-time is computed using
the Møller energy-momentum complex. This agrees with the Komar mass for
this space-time obtained by Cohen and de Felice. These results support the
Cooperstock hypothesis.
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I. INTRODUCTION
The notion of energy and momentum localization has been associated with much debate
since the advent of the general theory of relativity (see [1] and references therein). About
a decade ago a renowned general relativist, H. Bondi [2], argued that a nonlocalizable form
of energy is not allowed in relativity and therefore its location can in principle be found.
In a flat space-time the concept of energy localization is not controversial. In this case the
energy-momentum tensor T ki satisfies the divergence relation T
k
i ,k = 0. The presence of
gravitation however necessitates the replacement of an ordinary derivative by a covariant
one, and this leads to the covariant conservation laws T ki ; k = 0. In a curved space-time
the energy-momentum tensor of matter plus all non-gravitational fields no longer satisfies
T ki , k = 0; the contribution from the gravitational field is now required to construct an
energy-momentum expression which satisfies a divergence relation like one has in a flat
space-time. Attempts aimed at obtaining a meaningful expression for energy, momentum,
and angular momentum for a general relativistic system resulted in many different definitions
(see references in [3,4]). Einstein’s energy-momentum complex, used for calculating the
energy in a general relativistic system, was followed by many prescriptions: e.g. Landau
and Lifshitz, Papapetrou and Weinberg. These energy-momentum complexes restrict one
to make calculations in “Cartesian coordinates”. This shortcoming of having to single out a
particular coordinate system prompted Møller [5] to construct an expression which enables
one to evaluate energy in any coordinate system. Møller claimed that his expression gives
the same values for the total energy and momentum as the Einstein’s energy-momentum
complex for a closed system. However, Møller’s energy-momentum complex was subjected
to some criticism (see in [6]). Further Komar [7] formulated a new definition of energy
in a curved space-time. This prescription, though not restricted to the use of “Cartesian
coordinates”, is not applicable to non-static space-times.
A large number of definitions of quasi-local mass have been proposed (see [8–10] and
references therein). The uses of quasi-local masses to obtain energy in a curved space-
time are not limited to a particular coordinates system whereas many energy-momentum
complexes are restricted to the use of “Cartesian coordinates.” Penrose [8] pointed out
that quasi-local masses are conceptually very important. However, inadequacies of these
quasi-local masses (these different definitions do not give agreed results for the Reissner-
Nordstro¨m and Kerr metrics and that the Penrose definition could not succeed to deal with
the Kerr metric) have been discussed in [11,4]. Contrary to this, Virbhadra, his collaborators
and others [12–14] considered many asymptotically flat space-times and showed that several
energy-momentum complexes give the same and acceptable results for a given space-time.
Further Rosen and Virbhadra, Virbhadra, and some others carried out calculations on a
few asymptotically non-flat space-times using different energy-momentum complexes and
got encouraging results [15]. Aguirregabiria et al. [3] proved that several energy-momentum
complexes give the same result for any Kerr-Schild class metric. Virbhadra [4] also showed
that for a general nonstatic, spherically symmetric space-time of the Kerr-Schild class the
Penrose quasilocal mass definition as well as several energy-momentum complexes yield the
same results. Recently, Chang et al. [16] showed that every energy-momentum complex
can be associated with a particular Hamiltonian boundary term. Therefore the energy-
momentum complexes may also be considered as quasi-local.
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The energy distribution in the Kerr-Newman space-time was earlier evaluated by Co-
hen and de Felice [17] using Komar’s prescription. Virbhadra [12] showed that, up to the
third order of the rotation parameter, the definitions of Einstein and Landau-Lifshitz give
the same and reasonable energy distribution in the Kerr-Newman (KN) field when calcula-
tions are carried out in Kerr-Schild Cartesian coordinates. Cooperstock and Richardson [13]
extended the Virbhadra energy calculations up to the seventh order of the rotation param-
eter and found that these definitions give the same energy distribution for the KN metric.
Aguirregabiria et al. [3] performed exact computations for the energy distribution in KN
space-time in Kerr-Schild Cartesian coordinates. They showed that the energy distribution
in the prescriptions of Einstein, Landau-Lifshitz, Papapetrou, and Weinberg (ELLPW) gave
the same result.
In a recent paper Lessner [18] in his analysis of Møller’s energy-momentum expression
concludes that it is a powerful representation of energy and momentum in general relativity.
Therefore, it is interesting and important to obtain energy distribution using Møller’s pre-
scription. In this paper we evaluate the energy distribution for the KN space-time in Møller’s
[5] prescription and compare the result with those already obtained using Komar’s mass as
well as the ELLPW energy-momentum complexes. We are also interested to check whether
or not the Cooperstock hypothesis [19] (which essentially states that the energy and momen-
tum in a curved space-time are confined to the regions of non-vanishing energy-momentum
tensor T ki of the matter and all non-gravitational fields) holds good for this case. We use
the convention that Latin indices take values from 0 to 3 and Greek indices values from 1
to 3, and take G = 1 and c = 1 units.
II. THE KERR-NEWMAN METRIC
The stationary axially symmetric and asymptotically flat Kerr-Newman solution is the
most general black hole solution to the Einstein-Maxwell equations. This describes the
exterior gravitational and electromagentic field of a charged rotating object. The Kerr-
Newman metric in Boyer-Lindquist coordinates (t, ρ, θ, φ) is expressed by the line element
ds2 =
∆
r20
[dt− a sin2 θdφ]2 − sin
2 θ
r20
[
(
ρ2 + a2
)
dφ− adt]2 − r
2
0
∆
dρ2 − r20dθ2. (1)
where ∆ := ρ2 − 2Mρ + e2 + a2 and r20 := ρ2 + a2 cos2 θ. M , e and a are respectively
mass, electric charge and rotation parameters. This space-time has {ρ = constant} null
hypersurfaces for gρρ = 0, which are given by
ρ± = M ±
√
M2 − e2 − a2 . (2)
There is a ring curvature singularity r0 = 0 in the KN space-time. This space-time has
an event horizon at ρ = ρ+; it describes a black hole if and only if M
2 ≥ e2 + a2. The
coordinates are singular at ρ = ρ±. Therefore, t is replaced with a null coordinate v and φ
with ϕ by the following transformation:
dt = dv − ρ
2 + a2
∆
dρ,
dφ = dϕ− a
∆
dρ (3)
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and thus the KN metric is expressed in advanced Eddington-Finkelstein coordinates
(v, ρ, θ, ϕ) as
ds2 =
(
1− 2Mρ
r20
+
e2
r20
)
dv2 − 2dv dρ+ 2a sin
2 θ
r20
(
2Mρ− e2
)
dv dϕ− r20dθ2
+2a sin2 θdρdϕ−
[(
ρ2 + a2
)
sin2 θ +
2Mρ− e2
ro2
a2 sin4 θ
]
dϕ2. (4)
Transforming the above to Kerr-Schild Cartesian coordinates (T, x, y, z) according to
T = v − ρ
x = sin θ (ρ cosϕ+ a sinϕ)
y = sin θ (ρ sinϕ− a cosϕ)
z = ρ cos θ (5)
one has the line element
ds2 = dT 2 − dx2 − dy2 − dz2 − (2mρ− e
2) ρ2
ρ4 + a2z2
×
(
dT +
ρ
a2 + ρ2
(xdx+ ydy) +
a
a2 + ρ2
(ydx− xdy) + z
ρ
dz
)2
. (6)
III. ENERGY DISTRIBUTION IN KERR-NEWMAN METRIC.
In this Section we first give the energy distribution in the KN space-time obtained by
some authors and then using the Møller energy-momentum complex we obtain the energy
distribution for the same space-time.
The energy distribution in Komar’s prescription obtained by Cohen and de Felice [17],
using the KN metric in Boyer-Lindquist coordinates, is given by
EK = M − e
2
2ρ
[
1 +
(a2 + ρ2)
aρ
arctan
(
a
ρ
)]
. (7)
(The subscript K on the left hand side of the equation refers to Komar.) Aguirregabiria et al.
[3] studied the energy-momentum complexes of Einstein, Landau-Lifshitz, Papapetrou and
Weinberg for the KN metric. They showed that these definitions give the same results for
the energy and energy current densities. They used the KN metric in Kerr-Schild Cartesian
coordinates. They found that these definitions give the same result for the energy distributon
for the KN metric, which is expressed as
EELLPW = M − e
2
4ρ
[
1 +
(a2 + ρ2)
aρ
arctan
(
a
ρ
)]
. (8)
(The subscript ELLPW on the left hand side of the above equation refers to the Einstein,
Landau-Lifshitz, Papapetrou and Weinberg prescriptions.) It is obvious that the Komar
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definition gives a different result for the Kerr-Newman metric as compared to those obtained
using energy-momentum complexes of ELLPW. However, for the Kerr metric (e = 0) all
these definitions yield the same results. These results obviously support the Cooperstock
hypothesis. The Møller energy-momentum complex ℑ ki is given by [5]
ℑ ki =
1
8pi
χ kli ,l , (9)
satisfying the local conservation laws:
∂ℑ ki
∂xk
= 0 , (10)
where the antisymmetric superpotential χ kli is
χ kli = −χ lki =
√−g [gin,m − gim,n] gkmgnl . (11)
The energy and momentum components are given by
Pi =
∫ ∫ ∫
ℑ 0i dx1dx2dx3 , (12)
where P0 is the energy while Pα stand for the momentum components. Using Gauss’s
theorem the energy E for a stationary metric is thus given by
E =
1
8pi
∫ ∫
χ 0β0 µβ dS (13)
where µβ is the outward unit normal vector over an infinitesimal surface element dS.
The only required component of χ kli is
χ 010 =
−2(ρ2 + a2) sin θ
(ρ2 + a2 cos2 θ)2
(
Ma2 cos2 θ −Mρ2 + e2ρ
)
. (14)
Using the above expression in equation (13) the energy E inside a surface with {ρ =
constant} is then given by
EMøl = M − e
2
2ρ
[
1 +
(a2 + ρ2)
aρ
arctan
(
a
ρ
)]
. (15)
(The subscript Møl on the left hand side of this equation refers to Møller’s prescription.)
Our result, using Møller’s complex, agrees with the energy distribution obtained by Cohen
and de Felice [17] in Komar’s prescription. The second term of the energy distribution differs
by a factor of two from that computed by Aguirregabiria et al. using ELLPW complexes.
In both cases the energy is shared by both the interior and exterior of the KN black hole.
It is clear that the definitions of ELLPW and Komar, Møller’s definition also upholds the
Cooperstock hypothesis for the KN metric. The total energy (ρ → ∞ in all these energy
expressions) give the same result M .
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FIG. 1. EELLPW and EKM on Z-axis are plotted against R on X-axis and S on Y-axis for
Q = 0.2. The upper (grid like) and lower surfaces are for EELLPW and EKM respectively.
Now defining
EELLPW := EELLPW
M
, EKM := EK = EMøl, EKM := EKM
M
,
S := a
M
, Q := e
M
, R := ρ
M
(16)
the equations (7), (8) and (15) may be expressed as
EELLPW = 1− Q
2
4R
[
1 +
( S
R +
R
S
)
arctan
( S
R
)]
(17)
and
EKM = 1− Q
2
2R
[
1 +
( S
R +
R
S
)
arctan
(S
R
)]
. (18)
The ring curvature singularity in the KN metric is covered by the event horizon for
(Q2 + S2) ≤ 1 and is naked for (Q2 + S2) > 1. In Fig. 1 we plot EELLPW and EKM against
R and S for Q = 0.2. As the value of R increases the two surfaces shown in the figure come
closer.
IV. CONCLUSIONS
The use of the Komar definition is not restricted to “Cartesian coordinates” (like one has
for the ELLPW complexes); however, it is applicable only to the stationary space-times. The
Møller energy-momentum complex is neither restricted to the use of particular coordinates
nor to the stationary space-times. Lessner [18] pointed out that the Møller defintion is a
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powerful representation of energy and momentum in general relativity. However, one finds
that for the Reissner-Nordstro¨m metric EELLPW = M − e2/(2ρ) (the Penrose definition
also gives the same result which agrees with linear theory [20] whereas EKM = M − e2/ρ.
Therefore, one prefers the results obtained by using the definitions of ETLLPW. It is worth
investigating the Cooperstock hypothesis for non-static space-times with Møller’s energy-
momentum complex.
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